Using a macroscopic ensemble of highly-enriched (6,5) single-wall carbon nanotubes, combined with high signal-to-noise ratio, time-dependent differential transmission spectroscopy, we have generated vibrational modes in an ultrawide spectral range (10-3000 cm −1 ). A total of fourteen modes were clearly resolved and identified, including fundamental modes of A, E1, and E2 symmetries and their combinational modes involving two and three phonons. Through comparison with CW Raman spectra as well as calculations based on an extended tight-binding model, we were able to identify all the observed peaks and determine the frequencies of the individual and combined modes. We provide a full summary of phonon frequencies for (6,5) nanotubes that can serve as a basic reference with which to refine our understanding of nanotube phonon spectra as well as a testbed for new theoretical models.
I. INTRODUCTION
Recent advances in separation and sorting techniques have allowed researchers to prepare highly-enriched, single-chirality macroscopic ensembles of single-wall carbon nanotubes (SWCNTs). [1] [2] [3] [4] [5] [6] [7] [8] This impressive progress is revolutionizing the field of carbon nanotube physics and chemistry, enabling detailed chirality-dependent spectroscopy studies that were previously impossible to perform. [9] [10] [11] [12] [13] [14] While many of the features in prior studies were obscured due to the many different chiralities present in the samples, in highly-enriched samples these features are better resolved, allowing one to study the intrinsic behaviors of one-dimensional (1-D) electrons, phonons, and excitons in SWCNTs in far greater detail. Moreover, the availability of highly-purified singlechirality SWCNTs opens up new possibilities for the development of optoelectronic devices [15] [16] [17] [18] [19] that are useful for optical communications, spectroscopy, imaging, and sensing.
In this paper, we focus on the properties of phonons in SWCNTs generated through ultrafast optical excitation on a macroscopic ensemble of highly-enriched (6, 5) SWCNTs. 6 Raman spectroscopy has been an indispensable tool for characterizing and understanding the electronic and vibrational properties of graphite, SWCNTs, and graphene. [20] [21] [22] [23] [24] [25] Much accumulated knowledge exists on the strong Raman-active fundamental modes in SWCNTs such as the radial breathing mode (RBM), the Dmode, the G-mode, and the G (or 2D) mode, observed through resonance Raman scattering spectroscopy. However, in contrast to graphite and graphene, SWCNTs are expected to exhibit many other fundamental modes arising from the large number of 1-D phonon branches that arise from circumferential quantization (or zone folding). At present, there is little experimental information available on these additional modes and their combinational modes, except some Raman studies of intermediate frequency modes (IFMs) in mixed-chirality samples.
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In addition to the problem that they are obscured in chirality-mixed samples, they are also difficult to detect because they couple weakly to the photo-excited carriers.
We utilized some of the advantages of coherent phonon (CP) spectroscopy 31 to successfully observe and identify fourteen distinct phonon features in (6,5) SWCNTs. The two most important advantages of CP spectroscopy for the present study are its excellent frequency resolution (∼0.4 cm −1 in the current case) and the ease with which low-frequency modes can be observed due to the absence of the Rayleigh scattering or photoluminescence background. We have observed symmetry-allowed acoustic modes (with E 1 and E 2 symmetries) that are consistent with our calculations based on the extended tight-binding model. We also observed strong IFMs, which can be assigned to combinations between out-of-plane tangential optical (oTO) and acoustic phonons (E 1 , E 2 , and E 1 +E 2 symmetries). Furthermore, we observed combinational modes between A symmetry optical phonons, that is, the RBM and the LO mode, and acoustic phonons (E 2 and E 1 +E 2 symmetries). Finally, we provide a comprehensive list of phonon frequencies for (6,5) SWCNTs with assignments for both fundamental and combinational modes, based on a detailed comparison with our theoretical calculations of the full phonon dispersion curves for the (6,5) SWCNTs.
II. METHODS
Single-chirality (6,5) SWCNTs with 4 mM concentration were micelle suspended by 0.5 wt % DOC through the multicolumn gel chromatography isolation method. Pump-probe differential transmission measurements were performed on the solution in a quartz cell with an optical path length of 1 mm at room temperature. The light source for E 11 excitation was a home-built Ti:Sapphire laser equipped with a double-chirped mirror set (DCM 7, Venteon, Inc.), which delivers pulses as short as 8 fs with a bandwidth over 400 nm centered around 800 nm. The probe beam was spectrally resolved by a set of bandpass filters with a bandwidth of 5 nm, prior to the photodetector. The intensity ratio between the pump and probe beams was ∼7/2. Compared to frequency-domain Raman spectroscopy, timedomain CP spectroscopy has several advantages: a high frequency resolution, the absence of Rayleigh scattering background at low frequencies, no interference by photoluminescence, and an ability to directly measure vibration dynamics in the time domain. In a CP experiment, the high-frequency limit that can be detected depends on the pulse widths of the pump/probe beams; 10 fs pulses can generate and detect vibrational frequencies as high as 3000 cm −1 . Furthermore, time-resolved CP spectra can directly investigate not only the decay dynamics of each active phonon, such as anharmonic decay processes of optical phonons, but spectrally-resolved CP spectra also provide information on excited-state phononic levels, accessible for the third order optical process involved in the pump/probe scheme, and initial phase change of phonon oscillations related to the bandgap modulations induced by the radial breathing motion.
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The phonon dispersions of the (6,5) SWCNT were obtained within an extended (long-range and symmetryadapted) tight-binding model employing a specific force constant set. 33 This approach takes into account the curvature effects of the SWCNT in the calculation of the force constant parameters derived from the graphene force constants. The graphene force constant parameters were calculated by fitting the phonon dispersion from inelastic X-ray scattering experiment. 
Wavelength ( Figure 1a shows the absorption spectrum in the nearinfrared, visible, and ultraviolet for the highly-enriched (6,5) SWCNT sample. The largest absorption peaks are attributed to the lowest-energy interband resonances, E 11 and E 22 , which occur at 985 nm (1.26 eV) and 575 nm (2.16 eV), respectively. These values are in good agreement with those reported for other studies of (6,5) SWCNTs. 19 The other smaller features are due to the phonon sidebands of the E 11 and E 22 peaks as well as higher-order (E 33 , E 44 , etc.) interband transitions in the shortest wavelength region of the spectrum. The narrow widths of the absorption lines attest to the high quality and purity of the (6,5) samples. Figs. 1c-f . In addition to the strong RBM (in c) and the D-mode and G-modes (in f), some weakerintensity IFMs are observed (in d and e). The frequencies of these features are summarized in the fourth column of Table I . Figure 2a shows a typical differential transmission trace in the time domain taken with ∼8 fs pump pulses with a bandwidth over 400 nm centered around 800 nm together with a probe beam with a 5-nm bandwidth centered at 975 nm. The data exhibits ultrafast oscillations, containing various frequency components, the strongest of which are the RBM at ∼310 cm −1 and the G + (LO) mode at ∼1590 cm −1 , as seen in the Fourier spectrum (Fig. 2b) . Figure 2c shows the same spectrum as 2b but on a logarithmic scale in order to highlight a number of smaller-intensity modes. We can clearly identify fourteen distinct features, labeled #1-#14 in Fig. 2c , the highest-frequency mode being the G (or 2D) mode at ∼2590 cm −1 . An expanded view of the lowestfrequency region of the spectrum is given in Fig. 2d , showing Peak #1 at ∼85 cm −1 and Peak #2 (RBM) at ∼310 cm −1 . In addition, there are three less distinct features at ∼120 cm −1 , ∼180 cm −1 , and ∼280 cm −1 , which we label 'X', 'Y', and 'Z', respectively. Finally, the IFMs are shown in Fig. 2e , displaying the pair-wise appearance of six peaks above and below a central frequency of ∼883 cm −1 . The frequencies of the observed fourteen peaks with estimated error bars are listed in the second column of Table I , together with their respective assignments in the third column, as discussed below.
III. RESULTS

IV. DISCUSSION
In a SWCNT, vibrational modes with A, E 1 , and E 2 symmetries are Raman active, and there are six modes in each symmetry. [20] [21] [22] 24 Among the phonon modes of the same order, the cutting line of the A mode is at the zone center of the graphene k-space while the cutting line of the E 1 (E 2 ) mode is the nearest (next nearest) to the zone center. Among the six A symmetry modes, the RBM, iTO, and LO are expected to have non-zero electronphonon matrix elements at the Γ point (q = 0), and two acoustic phonon modes -the 'twiston' mode (TW) and the LA mode -are expected to have matrix elements at non-zero q. The E 1 and E 2 symmetry modes have weaker electron-phonon coupling than the A symmetry mode. Figure 3a shows the phonon dispersion curves and the density of states for the (6,5) SWCNT calculated using the extended tight-binding model. 35 It shows all possible E 1 , E 2 and E n symmetries as well as A symmetry phonon branches. To investigate possible acoustic phonon modes at frequencies lower than the RBM, we enlarge the low frequency portion of the dispersion curve in Fig. 3b to display two branches for A and E 1 symmetry modes and one branch for the E 2 symmetry mode. In order to provide more insight into each mode, phonon dynamical matrix eigenvectors are shown in Fig. 3b , whose directions identify these modes as iTA-like or LA-like oscillations. In the last column of Table 1 , we list the q = 0 frequencies of these fundamental modes and some combinational modes between them. Although curvature effects for the force constants are taken into account in our model, the approximation begins to break down for nanotube diameters smaller than ∼0.8 nm since the long-range force constants are significantly affected by the curvature of the nanotube. For lower-frequency modes, the influence of the curvature effects is relatively small.
Based on the frequencies of the calculated phonon modes in Fig. 3 , we can now discuss the origins of the observed fourteen peaks. First, we attribute Peak #1 at ∼85 cm −1 to the E 2 (iTA-like) mode, whose predicted value is 76 cm −1 . Given the uncertainty of ±50 cm −1 in the theoretically calculated values, which depends on the choice of force constants, 33 this is reasonable agreement. We also speculatively assign the weak and broader peak at ∼175 cm −1 (Peak Y) to the E 1 (LA-like) mode, whose calculated value is 213 cm −1 . In addition, the weak peak near 280 cm −1 (Peak Z), just below the RBM, could be due to a combinational mode between the 1 st E 2 (iTAlike, 76 cm −1 ) and the 2 nd E 1 (LA-like, 213 cm −1 ) modes; such a combinational mode between acoustic phonons has been seen in a graphite whisker 36 and multi-wall carbon nanotubes 37 and is believed to arise through a doubleresonance process.
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As seen in Fig. 2e , four pronounced IFM peaks (Peaks #6-#9) appear in pairs, symmetrically separated from the center frequency at 883 cm −1 . We interpret this central frequency as that of the oTO mode, which is predicted to have a frequency of 884 cm −1 , again in excellent agreement. Then the two pairs of IFM peaks can be understood as the sum (+) and difference (−) frequencies, respectively, of the oTO mode and i) the 1 st E 2 mode (iTA-like, 76 cm −1 ) and ii) the 2 nd E 1 mode (LAlike, 213 cm −1 ). In addition, the weaker IFM peaks at 623 cm −1 (Peak #5) and 1145 cm −1 (Peak #10) can also be the sum and difference, respectively, of the oTO mode and the sum of i) and ii) (three phonon combinations) although it is also likely that Peak #5 is the RBM overtone as previously observed in Raman. 30 Furthermore, there are two other IFM peaks, that is, Peaks #3 and #4. Peak #3 at 487 cm −1 can be assigned to a combinational mode between the RBM (294 cm −1 ) and the 2 nd E 1 mode (LAlike, 213 cm −1 ). Peak #4 at 574 cm −1 can be assigned to a combination of three different symmetry modes, that is, the RBM (A 1 , 294 cm Previous Raman measurements on chirality-mixed SWCNT samples detected some IFMs in the 600-1100 cm −1 frequency range excited in the E 33 /E 44 region 26 as well as in the 370-480 cm −1 frequency range excited in the E 11 /E 22 region. 29, 30 Fantini et al. observed only two peaks associated with the oTO mode combined with acoustic phonon modes. 26 The so-called 'step-wise' dispersive behaviors were observed in these studies because the IFMs have a strong chirality-and diameter-dependence, which jumps when the excitation photon energy goes from one 2n + m family to another. Kilina and co-workers 39 suggested some connection between the resonances for these particular IFMs and crosspolarized transitions, which may be reasonable with the E-symmetry character of these modes. However, in all these previous studies on chirality-mixed ensembles, the analysis and ultimate (n,m) assignment of specific IFMs were model-dependent, and thus, the determined IFM frequencies depended on the assumsion that the (n,m) assignments were correct. On the contrary, the present work on IFM coherent phonons represents a single (n,m) probe of IFM behavior, providing model-independent frequencies. Lastly, it is interesting to note some distinct differences between Raman and CP spectra. First, Raman observed a clear D-peak at ∼1312 cm −1 (see 1f) whereas it was absent in the CP spectra (see Fig. 2c ). Second, a clear G − peak was observed at ∼1528 cm
in Raman (see Fig. 1f ) whereas it was not clearly observed in CP (see Fig. 2c ). We are currently modeling the CP generation and detection processes for various phonon modes, including the D and G − modes, to compare their expected intensities with the experimental observations. Furthermore, in Raman we see an IFM at ∼399 cm
(see Figs. 1d-e and Table I ), which do not agree with any of the clearly observed CP peaks. It should be noted that any short-lived phonon mode cannot be detected in CP spectroscopy because they are significantly affected by the fast and strong electronic pump-probe signal (especially important in SWCNTs). In our CP analysis, we did not use any data before ∼125 fs, and therefore, if the peak width exceeds ∼80 cm −1 , the peak is not recorded. This is a possible explanation as to why CP does not show the broad peaks at 853 cm −1 and 908 cm −1 observed in Raman. In addition, the phonon generation mechanism by photo-excited carriers (exciton-phonon interaction in the case of SWCNTs) should be common for Raman spectroscopy and ultrafast pump-probe spectroscopy. However, in the case of Raman spectroscopy, we measure the photon energy of the scattered light while in the case of pump-probe spectroscopy we measure the reflectance or transmittance of the probe beam. The optical response of the material to the probe beam in the presence of the phonons may not always be the same as that for the Raman spectra. The modifications of the probe reflectance and transmittance should depend on phonon vibration amplitudes and directions. A further investigation is under way.
V. CONCLUSION
In conclusion, by combining the excellent signal-tonoise ratio and spectral resolution of coherent phonon spectroscopy with a highly-enriched, single-chirality (6, 5) single-wall carbon nanotube sample, we have detected previously unobserved vibrational modes. The combination of a modern SWCNT separation technique with ad-vanced ultrafast optical spectroscopy allowed direct observations of several phonon branches of A, E 1 , and E 2 symmetries and their combinations. We demonstrated that there is strong coupling between different phonon modes over a wide frequency range. By presenting a detailed compendium of phonons for single-chirality singlewall carbon nanotubes, this work serves as a reference with which to refine our understanding of the dynamics and interactions of one-dimensional phonons and electrons and as a testbed for new theoretical models for more precise and accurate calculations. Furthermore, the present analysis shows that there is a clear discrepancy for some phonon modes between Raman and pump probe measurements, whose reasons remain to be explained.
